
Formation of Gas Bubbles 
at Submerged Orifices 

W. 8. HAYES, 111, B. W. HARDY, and C. D. HOLLAND 
Agricultural and Mechanical College of Texas, College Station, Texas 

The formation of air bubbles at constant pressure at submerged orifices was investigated 
for several liquids. The frequency of formation of the bubbles was determined by the 
use of a stroboscope, and the rate of gas flow was measured with conventional rotameters. 
Several orifices having diameters ranging from 0.0794 to 0.397 em. were employed, and 
the gas flow rate was varied from about 0.1 cc. (at standard conditions)/sec. to about 
150 cc./sec. It was found that the formation of bubbles could be correlated with the 
physical variables of the system by the application of Newton's second law of motion to 
the bubble at the instant just prior to its release from the orifice. 

Gas, as a dispersed phase, plays a 
significant role in numerous physical and 
chemical processes. This is reflected by 
the attention given in the literature to 
the formation of gas bubbles at capillary 
tubes, orifices, and other devices sub- 
merged beneath liquid surfaces (1 ,  2, 4, 
5, 6). In  the experiments described 
herein the bubbles were formed a t  
approximately constant pressure within 
the gas chamber (Figure 1) by passing 
air through orifices each of which was 
submerged in several liquids in turn. 
Correlat>ion of the physical variables 
involved was achieved through the 
application of Newton's second law of 
motion. 

It his been established that a t  very 
low rates of air flow the kiae of the bubble 
is nearly independent of the flow rate 
and is determined primarily by the 
orifice diameter, the surface tension, and 
the liquid density. At  higher or inter- 
mediate rates of gas flow the size of the 
bubble becomes dependent upon the 
rate of gas flow through the orifice, as 
shown by Davidson et al. (1). At very 
high rates of gas flow Leibson et al. (6) 
demonstrated that the apparent jet of 
air issuing from the orifice is actuaIly 
a series of closely spaced, irregular 
bubbles which undergo further separation 
upon rising through the liquid. 

The influence of the volume of the gas 
chamber (Figure 2) and other physical 
dimensions of the apparatus on the 
formation of bubbles has been pointed 
out by Hughes et al. (4), who also 
observed that the effect of the chamber 
volume was not considered in the treat- 
ment of many of the data in the liter- 
ature. Davidson et al. (1)  demonstrated 
that as long as the volume of the gas 
chamber was less than a critical size it 
did not affect the formation of bubbles. 
For a given orifice diameter and gas flow 
rate the volume of the bubbles formed 
increased as the chamber volume was 
increased until approximately constant 
pressure within the gas chamber was 
approached. Most of the experiments 
reported in the literature were carried 

out with both capillary tubes and 
relatively small gas-chamber volumes; 
however in some instances Davidson (1) 
and Leibson (6) did use chamber volumes 
large enough to insure the formation a t  
constant pressure within the gas chamber. 

Since the majority of the bubble type 
of contactors employed in industrial 
applications operate at constant gas- 
chamber pressure and since such data 
are scarce, this investigation was under- 
taken. 

EXPERIMENTAL 

Experimental Apparatus 

The equipment employed to collect the 
data used in the correlations consisted of 
the following major items: B column 10 in. 
in diameter and 72 in. long, an orifice holder 
2 in. in diameter and 22 in. long, three 
rotameters, a Strobotac and Strobolux 
attachment, two manometers 60 in. long, 
six orifice plates, a wet-test gas meter, 
and two pressure regulators. 

Figure 3 is a schematic flow diagram of 
the equipment. The pressure of the air 
entering the column through the orifice 
holder, located at the bottom of the column, 
was measured with respect to atmospheric 
pressure with a 60-in. manometer in which 
water was used as the fluid. Gas temper- 
atures were measured with dial ther- 
mometers, and a mercury-filled glass 
thermometer was used to measure the 
temperature of the liquid, which could be 
read to within 0.1"C. The orifice plates 
employed to obtain the data used in the 
correlations shown herein were made of 
stainless steel plate 0.318 cm. thick. The 
diameters of the orifices were 0.0794, 0.159, 
0.238, 0.318,0.397, and 0.635 cm. The orifice 
holder, shown in Figure 1, was constructed 
from a section of stainless steel tubing. 
The rotameters used to measure the rates 
of gas flow were calibrated by with a wet- 
test meter. 

Physical Properties of the liquids 

The interfacial tensions of the liquids 
with respect to air were measured with a 
Du Nouy direct-reading tensiometer, the 
viscosities were determined with a Stormer 
viscosimeter, and densities of the liquids 
were measured with a Westphal balance. 

The experimental values so obtained were 
in good agreement with those in the liter- 
ature. These results are given in reference 
3 and are also on file.* The correlations, 
Equations (27) and (28), were based on 
the results of 504 experiments. In all of 
them either pure liquids or mixtures of 
pure liquids which wet the orifice were 
employed, and the chamber volume was 
held constant a t  1,322 cc. A wide variation 
in the viscosity of the liquid phase was 
obtained by the use of aqueous solutions 
of glycerine. Other liquids employed in 
this series of experiments were kerosene 
and isopropyl alcohol. In seventy-three 
other experiments the viscosity of the 
liquid phase was altered by the use of 
silicone additives. A chamber volume of 
1,322 cc. was also employed in these runs. 
The effect of the geometry of the chamber 
volume on the formation of bubbles was 
investigated in a series of forty-one experi- 
ments. Throughout the entire investigation 
air was used as the gas phase. 

Operation of Equipment 

Prior to the initiation of a series of experi- 
ments the orifice holder was placed under 
pressure to prevent liquid from flowing into 
it. The column was then filled with liquid 
to a height of 6 in. above the level of the 
orifice. After the liquid level had been 
properly adjusted, the rotameter was set 
to give the desired gas-flow rate. A t  low 
rates of gas flow the frequency of formation 
of the bubbles was determined by visual 
inspection; at the higher rates of gas flow 
the frequency of formation was measured 
by a Stroboscope. 

The data for the rate of formation of 
bubbles were taken a t  normal flow rates, 
or gas-flow rates above which a continuous 
stream of gas issues from an orifice. At 
gas-flow rates higher than the normal 
flow rates the bubble formation was not 
uniform and could not be determined with 
a stroboscope. 

Experiments 232 through 243 and 561 
through 575 were made under identical 
operational conditions. In a comparison of 
these data a smooth curve (frequency as 
a function of the gas-flow rate) was de- 
termined by the method of the least squares 
for each set of results. The average devi- 
ation of the experimental values with 
respect to  the corresponding calculated 
values was'3 % for each set of results. The 
frequencies given by the smooth curve 
representing experiments 561 through 575 
were on the average (taken over the range 
of flow rates employed in the two sets of 

*Tabular material has been deposited a8 docu- 
ment No. 5969 with the American Documentation 
Institute, Photoduplication Service, Library of Con- 
gresa, Washington 25, D. C., and may be obtajned 
for $3.75 for photopnnts or $2.00 for 35-mm. micro- 
film. 
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experiments) 4% hclow those given by 
the smooth curve for runs 232 through 243. 
Also the data from both sets of experiments 
were used to determine a single smooth 
curve for which an average deviation of 
5% was obtained. 

The room temperature was maintained 
at approximately 25°C. throughout the 
course of the investigation. 

Description of Bubble Formation 

Two types of bubble formation 
occurred. At low rates of gas flow the 
volume of the bubble remained relatively 
constant, but the frequency of formation 
increased as the gas-flow rate was in- 
creased. At the higher rates of gas flow 
the frequency of formation of the bubbles 
remained relativcly constmt, but the 
volume of the bubble increased as the 
flow rate was increased. 

At low flow rates the bubbles formed 
singly at the orifice with a given time 
interval between the formation of each 
bubble. However as the flow rate was 
increased, the bubbles began to form in 
pairs; that is, two bubbles would appear 
to form simultaneously, a given time 
interval would elapse, and then two more 
bubbles would form. As the flow rate was 
increased further, the bubbles formed in 
groups of three, four, or five. Again a 
group would form, a given time interval 
would elapse, and another group would 
form. The time interval of course de- 
pended on the number of bubbles in the 
group and the rate of gas flow. This 
multiple bubblr formation was not 
always reproducible. Experimental con- 
ditions that xould yield groups of four 
might when repented yieId groups of 
three. In thc computation of the volumes 
of the bubhles, however, it  was assumed 
that they formed singly with equal time 
intervals between the formation of each 
bubble. On this basis i t  n’as found that 
with a given set of experimental con- 
ditions the calculated volumes of the 
bubbles were the same regardless of the 
number of bubbles in the group. Ad- 
ditional increases in the gas rate ~esulted 
in the formation of single bubbles at 
equal time intervals. This regular bubble 
formation continued, as the gas rate was 
increased, until irregular bubble form- 
ation occurred a t  higher flow rates, at 
which it was impossible to obtain 
quantitative data with a stroboscope. 

EFFECTS OF VARIOUS DIMENSIONS OF THE 
APPARATUS ON THE FORMATION OF BUBBLES 

The purpose of the experiments dis- 
cussed in this section was to establish the 
approximate range over which the 
geometry of the apparatus could be 
altered without any significant deviations 
from the results upon which the corre- 
lations were based. Most of the geo- 
metrical quantities discussed here have 
been investigated with systems having 
zero chamber volume, although in some 
instances larger volumes were employed. 

v; INLET 

Fig. 1. Orifice holder 
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Fig. 2. Variation of the volume of the bubble 
with the volume of the gas chamber. 

Except as noted, the experiments dis- 
cussed below were performed a t  the 
following conditions: (a) the orifices were 
submerged beneath 15.2 em. of water 
(5) the volume of the gas chamber was 
1,322 GC., (c) the internal diameter of 
the gas chamber was 5.23 em., (d) the 
thickness of the orifice plates was 0.318 
cm., and ( e )  air was used in all the 
experiments. 

The height of liquid above the orifice 
plate was varied from 45.7 to approxi- 
mately 2.54 cm. Over the range of heights 
investigated the formation of bubbles 
appeared to be independent of the height 
of liquid, provided the height of liquid 
was greater than approximately two 
bubble diameters. This result is in agree- 
ment with the findings of Davidson et al. 
(1). 

In  another set of experiments the 
effect of the volume of the gas chamber 
on the formation of bubbles was in- 

vestigated. In these experiments (Figure 
2) the diameter of the gas chamber was 
held constant at  5.23 cm., and its volume 
was varied by partially filling it with 
water. For the experimental conditions 
stated it is evident that the formation of 
bubbles is independent of the chamber 
volume, provided that the latter is greater 
than about 800 cc. This result is in agree- 
ment with the concepts developed by 
Hughes (4). 

As the diameter of the gas chamber is 
decreased, the diameter of the orifice is 
approached in the limit, where the form- 
ation of bubbles is said to occur at zero 
gas-chamber volume. In  contrast, the 
data used in the correlations given in a 
subsequent section were obtained a t  the 
condition of “infinite” gas-chamber 
volume (or constant pressure within the 
gas chamber). For the experiments per- 
formed, the effect of the diameter of the 
gas chamber was insignificant in the 
formation of bubbles, provided that the 
ratio of the internal diameter of the gas 
chamber to that of the orifice was equal 
to or greater than 4.5. Actually the lower 
limit lies between 1.0 and 4.5, since the 
resiilts of experiments performed a t  the 
limit stated, D, = 1.43 em., D o  = 0.318 
cm., vere in agreement with those 
obtained with an orifice diameter of 
0.318 cm. arid gas chamber diameters of 
2.69, 5.23, and 10.3 em. 

The effect of the thickness of the orifice 
platc on the formation of bubbles was 
also iavestigatcd. It should be pointed 
out that as the thickness of the orifice 
plate is increased indefinitely, the con- 
dition of zero chamber volume is ap- 
proached in the limit. Capillary tubes 
were used as orifice plates in those 
experiments where plate thickness greater 
than 0.318 cm. mere employed. These 
tubes were attached to a gas chamber 
having a volume of 1,322 cc. For the 
flow rates (corresponding to the region 
of rrlatively constant frequency) em- 
ployed, the effect of the thickness of the 
orifice plate on the formation of bubbles 
became significant a t  thicknesses equal 
to or greater than 100 orifices diameters, 
in agreement with the results of Hughes 
(4). Orifices having diameters of 0.318 
and approximately 0.635 cm. were used 
in this set of experiments. If a lower limit 
of the ratio of the plate thickness to the 
orifice diameter exists, i t  appears to lie 
below 0.5 (obtained with an orifice 
diameter of 0.318 cm. and a plate thick- 
ness of 0.159 cm.). The results corre- 
sponding to the latter ratio were in 
agreement with those obtained when both 
a plate thickness and an orifice diameter 
of 0.318 cm. were employed. 

DEVELOPMENT OF EQUATIONS 

The analysis of the formation of 
bubbles a t  submerged orifices is con- 
cerned with the forces acting on the sur- 
face of the bubble, as would be seen 
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by a stationary observer located at any 
point exterior to the bubble. The various 
forces acting were related through the 
application of Newton’s second law of 
motion. 

In  the following analysis of this process 
the actual bubble was replaced by one of 
equal mass, which moved with the 
average vertical-component velocity and 
had the same forces acting on it as those 
which acted on the actual bubble. 

First the center of a spherical bubble 
is considered fixed and the bubble 
allowed to expand equally in all direc- 
tions. Then 

dV 
- = q  d t  

Furthermore 

and since v,, = u,, = v,,, Equation (7)  
may be written as 

v, = v,(l + sin a) (9) 
Examination of Equation (9) shows that 
v, is symmetrical about the vertical axis 
of the bubble. Thus the average of v ,  
over a circle containing the vertical axis 
as a diameter is equal to the average of 
v, over the entire surface. Then 

v(27rr) = v,r doc (10) 

When the expression for v, as a function 
of a [Equation (9)] is substituted in the 
preceding expression, one obtains upon 
integration 

r 
v = v, (1 1) 

dr dV d V d D  
d t  d D  d t  d t  = P D’ - (2) - 

For convenience 

The growth of a spherical bubble at a 
submerged orifice may be represented as 
shown in Figure 4. To obtain the velocity 
of a point on the surface of a bubble a t  
any instant during its formation, it is 
convenient to think of a given growth 
process of a bubble a t  an orifice as being 
composed of two steps: first, that the 
center of a given bubble is fixed and that 
the bubble experiences an expansion in 
unit time such that its radius is increased 
by an amount vn, and, second, that each 
point on the surface of the bubble so 
formed is displaced vertically by an 
amount v, in unit time. The vector 
represrntation of this two-step growth 
process is shown in Figure 5. The sub- 
scripts 1 and 2 of the vectors v,, and 
v,, denote the steps just mentioned. The 
velocity vR of any given point on the 
surface of the bubble is of course the 
vector sum of v,,, and v,,, as indicated 
in Figure 5. Thus 

V R  = v,, + Vn, (4) 
The magnitude of the vertical component 
of v, is givcn by the dot product vR. j, as 

v R . j  = v,;j + v,;j = v, 
By definition of the dot product 

us = (V,J(l) cos - .) 

v, = v,, cos - ff) + vnl 
Since 

sinff = cos - .) 
Vol. 5, No. 3 

where v n  is of course defined by Equation 
(3). 

The formation of a bubble a t  a sub- 
merged orifice is a variable-mass type of 
problem. Pars (8) has shown that when 
to a body of mass which is moving with 
the instantaneous velocity v (relative to a 
fixed observer), mass traveling with the 
velocity vo (relative to a fixed observer) 
is added at the rate dm/dt, one must 
include the force vo (dm/dt) in the 
application of Newton’s second law of 
motion. In addition to this force, a 
bubble is also acted upon by the follow- 

dF g E 

A 

Fig. 3. Flow diagram of equipment: A- 
air inlet; B-pressure regulators; C, D, 
E-rotameters; F-$-in. needle valve; G- 
orifice holder; H-column; I-connection 

for onen-end manometer. 

LORIFICE PLATE 

Fig. 4. Formation of a spherical bubble at 
a submerged orifice. 
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ing forces during its formation: the net 
bouyancy force gVAp and the excess pres- 
sure force (aPo/4)  ( p i  - p ) ,  the surface 
tension force 7rDau, the drag force, and 
the force required to overcome the inertia 
of the fluid surrounding the bubble. For a 
bubble moving with the instantaneous 
velocity, the latter force is given by m‘ 
(dv/dt). Thus when the actuaI bubble is 
replaced by one moving with the in- 
stantaneous velocity and with the same 
set of forces acting on its external surface 
and when the vertical direction is taken 
as positive, one obtains by application of 
Newton’s second lam 

dv - P D,u - F - m’- d t  

The pressure in the liquid at the level of 
the orifice is slightly less than the 
pressure of the gas a t  the top edge of the 
orifice because of the effect of surface 
tension. When the net buoyancy force is 
taken to be gVAp, it  is implied that the 
pressure, p ,  instead of the actual pressure, 
p,, acts over the area of the bubble 
immediately above the orifice. In  accord- 
ance with the treatment of Hughes et al. 
(Q), the excess pressure force was included 
to account for the error in the expression 
for the net bouyancy force. The fact that 
a pressure slightly greater than p ,  is 
required for the gas to flow from the top 
of the orifice to the various parts of an 
expanding bubble is neglected in the 
present treatment. Since the diameter of 
the orifice was always small as compared 
with that of the bubble, the evcessive 
pressure force was relatively small. 
Because of the large chamber volumes 
employed, the pressure within the 
chamber was approximately constant 
and the well-known relationship 

(13) 
4u 

P , - P = -  D 

was employed for the evaluation of the 
excessive pressure force at the instant 
just prior to the release of the bubble 
from the orifice. Prandtl (9) has given 
an informative derivation of this relation- 
ship. It shou!d also be pointed out that 
in the calculation of p the pressure 
within the gas chamber was employed, 
because in all experiments the pressure 
drops across the orifice were less than 
1 in. of water. 

Other terms in Equation (12) may be 
evaluated also a t  the instant just prior 
to the release of the bubble. When the 
first member of the left-hand side of 
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Fig. 5. Velocity of a point on the surface 
of a bubble during formation. 

Equation (12) is transposed to the right- 
hand side, the latter becomes 

Substitution of 2v for dD/dt and qpo for 
dm/dt in Equation (14) yields 

r R E w T * c "  (crLc"i..rro B" " I S  OF L O Y I T I O N  ") 

Fig. 6. Comparison of experimental and 
calculated values of the frequency of bubbie 

formation. 

where the Froude number is defined by 

In the consideration of the last term 
on the left-hand side of Equation (12) 
Streeter (10) has shown that in the case 
of irrotational motion m' equals one half 
of the mass of the displaced fluid. 
Although in the present case the flow 
was not irrotational, m' was taken 
proportional to the mass of the displaced 
fluid. Thus 

+ (v - U o ) ( Y P J  

Since v = q/?rD2, dv/dD = ( -&I) /  
(?rD3), v o  = (4q)/(7rDO2), and m = VP,, 
it  is readily shown that the above ex- 
pression reduces to 

d(mv) d m  4q2p, 
d t  vo -  d t  = -az -- 

(16) 

. [ l  - 6 
The total drag force was expressed in 

terms of the drag coefficient as 

(17) 

When the the assumption of spherical 
bubbles is made, the representative area 
may be replaced by nD2/4. Since v = 
q/?rDz, the drag force is readily stated 
in terms of the Froude number, the drag 
coefficient, and the volume of the bubble; 
that is. 

= PLvx(g)(g) 
When the derivatives appearing in the 
right-hand member are evaluated as 
outlined previously in the treatment of 
Equation (14), one obtains 

= - ~ P L ~ x N ~ ~ V  
For irrotational motion the quantity xis 
of course equal to sl but since it wa*3 
not irrotational, the quantity x and the 
drag coefficient were correlated as a 
power function of the appropriate di- 
mensionless groups. 

When the results given by Equations 
(13), ( l 6 ) ,  (18), (21) are substituted in 
Equation (12), it reduces to 

The symbols $ and 4, introduced for 
convenience, have the following defi- 
nitions : 

0- 4 y 2 p g  [ I  - (L)(a)2] (24) 
?r 0: 12 D 

IIYL)eLr " O L Y U C  ( c r r c u r r r r o  e" "X w C~".,IO* 2 . )  

Fig. 7. Comparison of experimental and 
calculated values of the bubble volume. 

The use of Equation (22) in the corre- 
lation of the experimental results follows. 

CORRELATIONS 

The variables contained in Equation 
(22) were evaluated a t  the instant just 
prior to the release of the bubble from 
the orifice. Since the drag coefficient is a 
function of the Reynolds number, Equa- 
tion (23) demonstrates that $ is a func- 
tion of both the Froude and Reynolds 
numbers. Because of the relative magni- 
tudes of the terms constituting Equation 
(22), the direct solution for and corre- 
lation of (cD - 16/3 x) proved im- 
practical; instead the positive difference 
of (1  - $) was correlated. 

Since the diameter of the bubble was 
always considerably greater than the 
diameter of the orifice, the expression for 
4 reduces to (4qp,)/(?rDoz), which is the 
time rate of change of momentum of the 
gas added to the bubble at the instant 
just prior to its release from the orifice. 
In  effecting a correlation, the data were 
divided into two groups. The first group 
consisted of the runs for which ?rDau 
(1  - D o / D )  > +; that is, the net- 
surface tension force was greater than 
the time rate of change of the momentum 
of the gas added to the bubble. In  the 
actual classification of the runs the 
complete expression for [given by 
Equation (24)] was employed. 

The experimental value for the positive 
difference of (1  - $) was obtained 
indirectly by the experimental determi- 
nation of the remaining terms of Equa- 
tion (22). For each set of data the 
absolute value of (1 - +) was correlated 
as a power function of the Froude 
number, the Reynolds number, and the 
ratio Do/D as 

where 
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a - 0,- 0 387 'rn 
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Fig. 8. Prediction of the division of the two ranges of bubble 
formation. 

For those runs for which uDau 
(1 - Do/D) > (b, the volume of the 
bubble varied little with the gas-flow 
rate, but the frequency of bubble for- 
mation changed appreciably with the gas- 
flow rate. In the upper range of flow rates 
[for which (b > rDoa (1 - DdD)] the 
situation just described was reversed. In  
view of these physical considerations the 
frequency of bubble formation was se- 
lected as the dependent variable for those 
experiments whererDoa (1 - DJD) > 4. 
For the range of flow rates in which 
(b > rDoo (1 - Da/D), the volume of the 
bubble was taken as the dependent 
variable. 

When Equation (22) is solved for V,  
one obtains V as a function of V,  since 
(1 - #) is also a function of V.  Similarly, 
since V = q / j ,  Equation (22) may be 
solved for the frequency as a function of 
the frequency. For those data in the 
range rDou (1 -Do/D) > (b, the best 
correlation for the calculation of the 
frequencies (or bubble volumes) was 
obtained by the use of the expression 
obtained by solving Equations (22) and 
(25) for f as a function of the other 
variables. Actually the diameter of the 
bubble was left in the expression for (b, 
since the latter was relatively insensitive 
to the bubble diameter. The following 
correlation was obtained. For rDoa 
(1 - I)o/D) > 4 

where 

= modified Froude number 

= modified Reynolds number 

= 1; (r Dou(l - Apg Do/D) - 4 )I 
Those data falling in the variable 

volume range were correlated in a similar 
manner by solving Equations (22) and 
(25) for the volume of the bubble as a 
function of the other variables. Again the 
diameter of the bubble was left in the 
expression for (b because the latter was 
relatively insensitive to this diameter. 
The correlation for these data follows. 
For (b > rDou (1 - Do/D) 

where 

Equations (27) and (28) apply for the 
case of infinite chamber volume. The 
constants and exponents in Equations 
(27) and (28) were determined by the 
method of the least squares through the 
use of a digital computer. The average 
percentage deviations of the calculated 
values of f and V [as given by Equations 
(27) and (ZS)] from the experimental 
values were 16 and 10 repectively. The 
corresponding correlation coefficients 
were 0.998 and 0.988. Graphs of the 
experimental values of f and V vs. the 
values calculated by the use of Equations 
(27) and (28) are shown in Figures 6 and 
7. The significance of each of the groups 
in these equations was shown by the 
determination of the correlation co- 
efficient and the average percentage 
deviation when each of the terms shown 

, 72" 

0 

0 0  

kORIFICE HOLDER 

Fig. 9. Experimental column. 

in the equation was omitted and the 
others were retained. When each of the 
groups containing the modified Froude 
number, the term (Nq),  and the diameter 
of the orifice was omitted from Equation 
(27) and the others were retained, the 
correlation coefficients were 0.994, 0.994, 
and 0.997, respectively, and the corre- 
sponding average percentage deviations 
were 3 X 108, 44, and 1.4 X 109. 
Similarly, omission of the groups con- 
taining the modified Froude number, the 
modified Reynolds number, the diameter 
of the orifice, and the retention of all the 
other groups in Equation (28) gave the 
following correlation coefficients: 0.976, 
0.965, and 0.984 respectively. The corre- 
sponding average percentage deviations 
were 69, 16, and 11. Thus all the terms 
shown in Equation (27) are required in 
order to represent adequately the ex- 
perimental results. In the process of 
correlating the data, a surface-tension 
number [defined in the same manner as 
the one used by Hughes et aE. ( 4 1  was 
used together with those groups shown in 
Equations (27) and (28), and the average 
percentage deviations were only about 
1% better than those given by Equations 
(27) and (28). 

It is to be observed that little accuracy 
was lost when the term containing the 
diameter of the orifice was omitted in the 
correlation of the data for the upper 
region of the flow rates. In view of this 
the correlation is included. 
For (b > rDou (1 - Do/D) 
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It should also be mentioned that when 
stated in terms of the diameter of the 
bubble, the average percentage deviations 
of the esperimental values of D from the 
vaIues calculated by the use of Equations 
(27) and (28) were 5.0 and 3.0 re- 
spectively. 

Some experiments were performed in 
which a silicone additive was used to 
alter the surface tension of the liquid. 
Those results were not employed in the 
determination of the constants for Equa- 
tions (27) and (28) because in some 
instances (7)  such liquid mixtures do not 
appear to exhibit the characteristics of 
pure liquids having the same apparent 
physical properties. The average per- 
centage deviations of the experimental 
value of the dependent variable from the 
value calculated by the use of Equations 
(27) and (28) were 25 and 30 % re- 
spectively. The relatively poor agreement 
lends further support to the character- 
istics just discussed. 

DISCUSSION 

A comparison of the volumes of the 
bubbles obtained in the present work 
with those of other workers who employed 
essentially zero chamber volumes shows 
that at similar operating conditions the 
volumes of the bubbles obtained by the 
use of the system described herein 
(operation was at constant pressure 
within the gas chamber, or infinite gas- 
chamber volume) were always larger. 
The equations stated by Hughes et al. 
(4) and given the numbers 19, 20, 23 and 
24 did not correlate the data obtained by 
the authors nearly so well as did Equa- 
tions (27) and (as), perhaps because of 
the large gas-chamber volumes employed 
in the present work. 

The theoret(ica1 treatment of the for- 
mation of bubbles led to a description of 
the two regions of bubble formation as 
well as a physical explanation for the 
division of the two regions. As discussed 
previously, at low gas-flow rates the 
surface-tension force was greater than 
than the time rate of change of the 
momentum of the gas entering the bubble, 
while at  the higher rates of gas flow the 
order of magnitude of the two forces was 
reversed. Furthermore, according to the 
theory developed for the case of infinite 
chamber volume, the division of the two 
regions occurred when there was an 
equality between the two forces, namely 

a D”O(1 - 

or 

sharp division between the lower range 
of relatively constant bubble volume and 
variable frequency of formation and the 
upper range of relatively constant fre- 
quency and variable bubble volume, the 
division predicted by Equation (31) 
appears adequate. 
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NOTATION 

Af = representative area of the 
bubble, aD*/4 for spheres; L z  

cD = drag coefficicnt, dimensionless 
L) = diameter of the bubble 

(assumed to have a spherical 
sham), L 

no 
F 

L 

m 

m’ 

N 

P 

Pi 

rl 

t 
2, 

= diameter of the orifice, L 
= drag force, the sum of the 

vertical components of the 
viscous and form drag forces, 

= frequency of bubble formation 
= acceleration of gravity, L/Tz 
= conversion factor, ML/T,F 
= unit vector in the vertical 

dircction, dimensionless 
= thickness of the orifice plate 

in the direction of flow, L 
= mass of the bubble a t  any time, 

t;  M 
=; mass term for the displaced 

fluid, Af 
= a term defined below Equation 

(27), L-3 
= Froude number defined by 

Equation (19), dimensionless 
= Reynolds number defincd by 

Equation (26), dimensionless 
= pressure in the liquid at the 

level of the top of the orifice, 

= static pressure of the gas 
stream a t  the level of the exit 
side of the orifice plate, Af/LTz 

= volumetric rate of gas flow 
evaluated a t  the conditions a t  
the top of the orifice, (because 
of the small pressure drops 
involved the pressure was taken 
equal to that of the gas chamber 
in the calculation of q ) ,  L3/T 

= time, T 
= average of the vertical com- 

ponent of velocity over the 
surface of the bubble, L/T 

= vectors having the magnitude 
v, given by Equation (4) and 
directions indicated in Figure 

N L / T 2  

M/LTZ 

its formation a t  a submerged 
orifice, LIT 

v, = magnitude pf the vertical rom- 
ponent of the velocity v R ,  L/T 

00 = velocity a t  which the gas flows 
through the orifice, L/T 

V = volume of the bubble a t  the 
instant just prior to its release 
from the orifice, L3 

Greek letters 

a = angle used in the vector 
diagram (Figure 5) ,  radians 

Ap = density of the liquid minus the 
density of the gas, M / L 3  

p L  = viscosity of the liquid, M/LT 
A = 3.1416 
pu = density of the gas evaluated 

a t  the temperature and pressure 
of the gas chamber, M / L 3  

= density of the liquid in which 
the orifice plate was submerged, 
M/L 3 

U = interfacial tension of the 
liquid with respect to air, M/T2  

4 = a variable which was approui- 
mately equal to the time rate 
of change of the momentum of 
the gas entering the bubble, 
defined by Equation (24), 
ML/T 

= a function defined by Equation 
(20), dimensionless 

* a function defined by Equation 
(23 ,  dimensionless 

pL 

x 
J /  

Mathematical Symbols 

1.1 = absolute value of 2 
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